Abstract: In this paper, we prove common fixed point theorems for contraction mappings using weak reciprocal continuity in metric spaces and Menger spaces.
Introduction and Preliminaries
In 1922, Banach proved a common fixed point theorem, which ensures under appropriate conditions, the existence and uniqueness of a fixed point. This result of Banach is known as Banach's fixed point theorem or Banach Contraction ity in a metric space and also showed that in the setting of common fixed point theorems for compatible mappings satisfying contraction conditions, the notion of reciprocal continuity is weaker than the continuity of one of the mappings. Also, the notion of pointwise R-weakly commuting mappings made the scope of the study of common fixed point theorems from the class of compatible to the wider class of pointwise R-weakly commuting mappings. Subsequently, several common fixed point theorems have been proved by combining the ideas of Rweakly commuting mappings and reciprocal continuity of mappings in different settings. If f and g are both continuous, then they are obvious reciprocally continuous but the converse is not true ( [8] ).
Recently, Pant et al. [9] generalized the notion of reciprocal continuity to weak reciprocal continuity as follows: Definition 1.7. Let f and g be two self-mappings of a metric space (X, d). Then f and g are called weakly reciprocally continuous if lim n→∞ f gx n = f z or lim n→∞ gf x n = gz, whenever {x n } is a sequence such that lim n→∞ f x n = lim n→∞ gx n = z for some z ∈ X.
If f and g are reciprocally continuous, then they are obviously weakly reciprocally continuous but the converse is not true ( [9] ). As an application of weak reciprocal continuity, we prove common fixed point theorems under contractive conditions that extend the scope of the study of common fixed point theorems from the class of compatible continuous mappings to a wider class of mappings which also includes non-compatible and discontinuous mappings.
An essential feature of metric spaces is that for any two points in a metric space, a positive number called the distance between two points is defined. One generalization of a metric space is initiated by Menger [5] . The concept of a probabilistic metric space corresponds to situations when we don't know the distance between the points, i.e., the distance between the points is inexact.
In 1942, Menger [5] introduced the notion of a probabilistic metric space as a generalization of a metric space which is defined as below.
A real valued function f (x) defined on the set of real numbers is called a distribution function if it is non-decreasing, left-continuous with inf f (x) = 0 and sup f (x) = 1.
Let H denotes the distribution function defined as follows.
Definition 1.8. A probabilistic metric space (briefly, PM-space) is a pair (X, F ), where X is a set and F is a function defined on X × X into the set of distribution functions satisfying for all x, y, z ∈ X and s, t > 0.
(PM1) F (x, y; 0) = 0, (PM2) F (x, y; t) = H(t) if and only if x = y, (PM3) F (x, y; t) = F (y, x; t), (PM4) if F (x, y; s) = 1 and F (y, z; t) = 1, then F (x, z; s + t) = 1.
For each x, y ∈ X and for each real number t > 0, F (x, y; t) is to be thought of as the probability that the distance between x and y isless then t. Of course, any metric space (X, d) may be regarded as a PM-space. Indeed, if (X, d) is a metric space, then the distribution function F (x, y; t) defined by F (x, y; t) = H(t − d(x, y)) induces a PM-space.
Examples of t-norm are ∆(a, b) = min{a, b} and ∆(a, b) = ab. Definition 1.10. A Menger PM-space (briefly, Menger space) is a triple (X, F, ∆), where (X, F ) is a PM-space and ∆ is a t-norm satisfying (PM5) F (x, z; s+t) ≥ ∆(F (x, y; s), F (y, z; t)) for all x, y, z ∈ X and s, t > 0.
This inequality is known as Menger's triangle inequality. The development of fixed point theory in PM-spaces was due to Schweizer and Sklar [11] . Sehgal and Bharucha-Reid [12] initiated the study of contraction mapping theorems in PM-spaces. Subsequently, several contraction mapping theorems for commuting mappings have been proved in PM-spaces. [6] ) Let f and g be two self-mappings of a Menger space (X, F, ∆). Then f and g are said to be compatible if lim n→∞ F (f gx n , gf x n ; t) = 1 whenever {x n } is a sequence in X such that lim n→∞ f x n = lim n→∞ gx n = z for some z ∈ X. Definition 1.12. ( [1] ) Let f and g be two self-mappings of a Menger space (X, F, ∆). Then f and g are said to be R-weakly commuting at a point x ∈ X if there exists R > 0 such that F (f gx, gf x; t) ≥ F (f x, gx; t/R) for all t > 0. Definition 1.13. ( [1] ) Let f and g be two self-mappings of a Menger space (X, F, ∆). Then f and g are called pointwise R-weakly commuting on X if given x ∈ X there exists R > 0 such that F (f gx, gf x; t) ≥ F (f x, gx; t/R) for all t > 0. Definition 1.14. Let f and g be two self-mappings of a Menger space (X, F, ∆). Then f and g are called R-weakly commuting of type (A g ) if there exists R > 0 such that F (f f x, gf x; t) ≥ F (f x, gx; t/R) for all x ∈ X and t > 0.
Similarly, the two self-mappings f and g are called R-weakly commuting of type (A f ) if there exists some R > 0 such that F (f gx, ggx; t) ≥ F (f x, gx; t/R) for all x ∈ X and t > 0. Definition 1.15. Let f and g be two self-mappings of a Menger space (X, F, ∆). Then f and g are called R-weakly commuting of type (A g ) if there exists R > 0 such that F (f f x, ggx; t) ≥ F (f x, gx; t/R) for all x ∈ X and t > 0.
For our main results, we need the following lemma. Lemma 1.16. ( [11] , [12] ) Let (X, F, ∆) be a Menger space. If there exists a number k ∈ (0, 1) such that F (x, y; kt) ≥ F (x, y; t) for all x, y ∈ X and t > 0, then x = y. Lemma 1.17. ( [11] ) Let (X, F, ∆) be a Menger space and {y n } be a sequence in X. If there exists a number k ∈ (0, 1) such that F (y n , y n+1 ; kt) ≥ F (y n−1 , y n ; t) for all n ∈ N and t > 0, then {y n } is a Cauchy sequence in X.
Fixed Point Theorems in a Metric Space
Now, we prove a fixed point theorem in a metric space. Theorem 2.1. Let f and g be weakly reciprocally continuous self-mappings of a complete metric space (X, d) satisfying
for any x, y ∈ X.
If f and g are either compatible or R-weakly commuting of type (A g ) or R-weakly commuting of type (A f ) or R-weakly commuting of type (P ), then f and g have a unique common fixed point.
Proof. Let x 0 be any point in X. Then as f (X) ⊂ g(X), we can define a sequence {y n } in X as
Now, we show that {y n } is a Cauchy sequence in X. For proving this, by (C2), we have
which is a contraction. Thus we have
Further we obtain
Therefore, for all n, m ≥ N (: set of natural numbers), n < m, we have
as n → ∞. Thus {y n } is a Cauchy sequence in X. As X is complete, there exists a point z in X such that lim Therefore, by (C2), we get
so that, we get f z = gz. Again compatibility of f and g implies commutativity at a coincidence point. Hence gf z = f gz = f f z = ggz. Using (C2) we obtain
which implies that f z = f f z. Hence f z = f f z = gf z and f z is a common fixed point of f and g. Next suppose that lim n→∞ f gx n = f z. Then by f (X) ⊂ g(X), there exists u ∈ X such that f z = gu and lim Using (C2), we get
so that get f u = gu. Compatibility of f and g yields f gu = ggu = f f u = gf u. Finally, using (C2), we obtain
that is, f u = f f u. Hence f u = f f u = gf u and f u is a common fixed point of f and g. Now, suppose that f and g are R-weakly commuting of type (A g ). Now, weak reciprocal continuity of f and g implies that lim n→∞ f gx n = f z or lim n→∞ gf x n = gz.
Assume that lim n→∞ gf x n = gz. Then R-weak commutativity of type (A g ) of
This gives lim n→∞ f f x n = gz. Also, using (C2), we get
so that we get f z = gz. Again, by using R-weak commutativity of type (A g ),
This yields f f z = gf z. Therefore f f z = f gz = gf z = ggz. Using (C2), we get
that is, we have f z = f f z. Hence f z = f f z = gf z and f z is a common fixed point of f and g. Similarly, if lim n→∞ f gx n = f z, then we can easily prove.
Suppose that f and g are R-weakly commuting of type (A f ). Again, as done above, we can easily prove that f z is a common fixed point of f and g.
Finally, suppose f and g are R-weakly commuting of type (P ). Weak reciprocal continuity of f and g implies that lim n→∞ f gx n = f z or lim n→∞ gf x n = gz. Let us assume that lim n→∞ gf x n = gz. Then R-weak commutativity of type (P ) of f and g yields d(f f x n , ggx n ) ≤ Rd(f x n , gx n ), that is, lim n→∞ d(f f x n , ggx n ) = 0. Using (2.1), we have gf x n−1 = ggx n → gz and f f x n → gz as n → ∞. Also, using (C2) we get
so that f z = gz. Again, by using R-weak commutativity of type (P ), d(f f z, ggz) ≤ Rd(f z, gz) = 0. This yields f f z = ggz. Therefore f f z = f gz = gf z = ggz. Using (C2), we get
so that f z = f f z. Hence f z = f f z = gf z and f z is a common fixed point of f and g. Similarly, if lim n→∞ f gx n = f z, then we can easily prove. Uniqueness of the common fixed point theorem follows easily in each of the four cases by using (C2). This completes the proof.
Next, we give an example to illustrate Theorem 2.1. Then it can be verified that f and g satisfy the contraction condition (C2) with 2/5 ≤ h < 1. Let {x n } be a sequence in X such that either x n = 2 or x n = 5 + 1/n for each n. Then f and g satisfy all the conditions of Theorem 2.1 and have a unique common fixed point at x = 2.
Fixed Point Theorems in a Menger Space
Now, we prove a fixed point theorem in a Menger space. Theorem 3.1. Let f and g be weakly reciprocally continuous self-mappings of a complete Menger space (X, F, ∆) satisfying
there exists a number k ∈ (0, 1) such that F (f x, f y; kt) ≥ min{F (gx, gy; t), F (f x, gx; t), F (f y, gy; t)} for any x, y ∈ X and t > 0. If f and g are either compatible or R-weakly commuting of type (A g ) or R-weakly commuting of type (A f ) or R-weakly commuting of type (P ), then f and g have a unique common fixed point.
Proof. Let x 0 be any point in X. Then as F (X) ⊂ g(X), we can define a sequence {y n } in X as
Now, we show that {y n } is a Cauchy sequence in X. For proving this, by (C3), we have
≥ min{F (gx n , gx n+1 ; t), F (f x n , gx n ; t), F (f x n+1 , gx n+1 ; t)} = min{F (y n−1 , y n ; t), F (y n , y n−1 ; t), F (y n+1 , y n ; t)}.
If F (y n , y n+1 ; kt) < F (y n−1 , y n ; t), then we have
which is a contraction. Thus we have F (y n , y n+1 ; kt) ≥ F (y n−1 , y n ; t).
Then, by Lemma 1.17, {y n } is a Cauchy sequence in X. As X is complete, there exists a point z in X such that lim f f x n = gz. Therefore, by (C3), we get F (f z, f f x n ; kt) ≥ min{F (gz, gf x n ; t), F (f z, gz; t), F (f f x n , gf x n ; t)}.
As n → ∞, F (f z, gz; kt) ≥ min{F (gz, gz; t), F (f z, gz; t), F (gz, gz; t)} = F (f z, gz; t).
Hence, by Lemma 1.16, we get f z = gz. Again compatibility of f and g implies commutativity at a coincidence point. Hence gf z = f gz = f f z = ggz. Using (C3) we obtain F (f z, f f z; kt) ≥ min{F (gz, gf z; t), F (f z, gz; t), F (f f z, gf z; t)} = F (f z, f f z; t), that is, we get f z = f f z. Hence f z = f f z = gf z and f z is a common fixed point of f and g. Next suppose that lim n→∞ f gx n = f z. Then by f (X) ⊂ g(X) there exists u ∈ X such that f z = gu and lim Using (C3), we get F (f u, f f x n ; kt) ≥ min{F (gu, gf x n ; t), F (f u, gu; t), F (f f x n , gf x n ; t)}.
As n → ∞, F (f u, gu; kt) ≥ min{F (gu, gu; t), F (f u, gu; t), F (gu, gu; t)} = F (f u, gu; t)
so that we get f u = gu. Compatibility of f and g yields f gu = ggu = f f u = gf u. Finally, using (C3), we obtain
Assume that lim n→∞ gf x n = gz. Then R-weak commutativity of type (A g ) of f and g yields F (f f x n , gf x n ; t) ≥ F (f x n , gx n ; t/R), that is,
This gives lim n→∞ f f x n = gz. Also, using (C3) we get F (f z, f f x n ; kt) ≥ min{F (gz, gf x n ; t), F (f z, gz; t), F (f f x n , gf x n ; t)}.
As n → ∞, F (f z, gz; kt) ≥ min{F (gz, gz; t), F (f z, gz; t), F (gz, ggf x n ; t)} = F (f z, gz; t) so that by Lemma 1.16, we get f z = gz. Again, by using R-weak commutativity of type (A g ), F (f f z, gf z; t) ≥ F (f z, gz; t/R) = 1. This yields f f z = gf z. Therefore, f f z = f gz = gf z = ggz. Using (C3), we get
Finally, suppose that f and g are R-weakly commuting of type (P ). Weak reciprocal continuity of f and g implies that lim n→∞ f gx n = f z or lim n→∞ gf x n = gz.
Assume that lim
n→∞ gf x n = gz. Then R-weak commutativity of type (P ) of f and g yields F (f f x n , ggx n ; t) ≥ F (f x n , gx n ; t/R), that is, lim n→∞ F (f f x n , ggx n ; t) ≥ F (z, z; t/R) = 1.
This gives lim n→∞ F (f f x n , ggx n ; t) = 1. Using (3.1) we have gf x n−1 = ggx n → gz and f f x n → gz as n → ∞. Also, using (C3) we get F (f z, f f x n ; kt) ≥ min{F (gz, gf x n ; t), F (f z, gz; t), F (f f x n , gf x n ; t)}.
As n → ∞, F (f z, gz; kt) ≥ min{F (gz, gz; t), F (f z, gz; t), F (gz, gz; t)} = F (f z, gz; t), that is, by Lemma 1.16, we get f z = gz. Again, by using R-weak commutativity of type (P ), F (f f z, ggz; t) ≥ F (f z, gz; t/R) = 1. This yields f f z = ggz. Therefore, f f z = f gz = gf z = ggz. Using (C3), we get F (f z, f f z; kt) ≥ min{F (gz, gf z; t), F (f z, gz; t), F (f f z, gf z; t)} = F (f z, f f z; t) so that we get f z = f f z. Hence f z = f f z = gf z and f z is a common fixed point of f and g. Similarly, if lim n→∞ f gx n = f z, then we can easily prove. Uniqueness of the common fixed point theorem follows easily in each of the four cases by using (C3). This completes the proof.
Next, we give an example to illustrate Theorem 3.1.
Example 3.2. ( [9] ) Let (X, F, t) be a Menger space, where X = [2, 20] and F (x, y, t) = t/(t + |x − y|) for all x, y ∈ X. Let f, g : X → X as in the Example 2.2. Then it can be verified that f and g satisfy the contraction condition (C3) with 2/5 ≤ k < 1.
Let {x n } be a sequence in X such that either x n = 2 or x n = 5 + 1/n for each n. Then f and g satisfy all the conditions of Theorem 3.1 and have a unique common fixed point at x = 2.
